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Bell's theorem as a no-go result
in classical distributed Monte-Carlo simulation
Rich rd D. Gill, M them tic l Institute, Leiden University
IMS London 2022 – 29 June, 2022
John Stewart Bell FRS (28 July 1928 – 1 October 1990), Northern Ireland physicist, originator of Bell's theorem, an important theorem in quantum physics on hidden variable theories
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John Bell relaxing in his apartment in Geneva with the Christmas present given to him by his friends, the Bertlmann’s

No communication at all, during the run!

Computer 1 runs dialogue;

inputs are angles θ1n, n = 1,2,…
n <- 1
Begin Loop
Print: “input angle no.”, n
Wait for input
Compute output
Output: +1 or -1
n <- n +1
End Loop

Computer 2 runs dialogue;

inputs are angles θ2n, n = 1,2,…

.

n <- 1
Begin Loop
Print: “input angle no.”, n
Wait for input
Compute output
Output: +1 or -1
n <- n + 1
End Loop

No communication at all, during the run!

Task: whatever the input sequences, the average of product of outputs,
given both inputs, converges to −cos(θ1 − θ2);
the average of the outputs, given inputs, converges to zero.
Note: the computers may communicate in advance of the runs

Bell's theorem as a no-go result
in classical distributed Monte-Carlo simulation
It has long been realized that the mathematical core of Bell's theorem is essentially a classical
probabilistic proof that a certain distributed computing task is impossible: namely, the Monte
Carlo simulation of certain iconic quantum correlations. I will present a new and simple proof of
the theorem using Fourier methods (time series analysis) which should appeal to probabilists
and statisticians. I call it Gull's theorem since it was sketched in a conference talk many years
ago by astrophysicist Steve Gull, but never published. Indeed, there was a gap in the proof.
The connection with the topic of this session is the following: though a useful quantum
computer is perhaps still a dream, many believe that a useful quantum internet is very close
indeed. The irst application will be: creating shared secret random cryptographic keys which,
due to the laws of physics, cannot possibly be known to any other agent. So-called loopholefree Bell experiments have already been used for this purpose.
Like other proofs of Bell's theorem, the proof concerns a thought experiment, and the thought
experiment could also in principle be carried out in the lab. This connects to the concept of
functional Bell inequalities, whose application in the quantum research lab has not yet been
explored. This is again a task for classical statisticians to explore.
R.D. Gill (2022) Gull's theorem revisited, Entropy 2022, 24(5), 679 (11pp.)
https://www.mdpi.com/1099-4300/24/5/679
https://arxiv.org/abs/2012.00719
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Some history
Qu ntum mech nics m kes prob bilistic predictions bout re lity.
Could there be “behind the scenes”, cl ssic l, expl n tion thereof?

• Einstein, Podolsky, Rosen (1935). Assuming locality, quantum mechanics is
incomplete

• Bell (1964). Assuming quantum mechanics is correct, any classical
explanation of the randomness must be non-local

• Bell (1965 – 1990). Re inements and improvements (e.g., CHSH
inequality)… Reality is non-local.

• (2015) Delft, Munich, NIST, Vienna – statistically signi icant violations of
CHSH inequality in “loophole-free” experiments

• Now. Device-Independent Quantum Key Distribution. Nadlinger et al.
https://arxiv.org/abs/2109.14600, Zhang et al. https://arxiv.org/abs/
2110.00575
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Clauser, Horne, Shimony, Holt (1969)

Device-independent quantum key distribution (DIQKD) is the art of using untrusted devices to distribute secret keys in an insecure network.
It thus represents the ultimate form of cryptography, offering not only information-theoretic security against channel attacks, but also
against attacks exploiting implementation loopholes. In recent years, much progress has been made towards realising the irst DIQKD
experiments, but current proposals are just out of reach of today’s loophole-free Bell experiments. Here, we signi icantly narrow the gap
between the theory and practice of DIQKD with a simple variant of the original protocol based on the celebrated Clauser-Horne-ShimonyHolt (CHSH) Bell inequality. By using two randomly chosen key generating bases instead of one, we show that our protocol signi icantly
improves over the original DIQKD protocol, enabling positive keys in the high noise regime for the irst time. We also compute the inite-key
security of the protocol for general attacks, showing that approximately 108–1010 measurement rounds are needed to achieve positive rates
using state-of-the-art experimental parameters. Our proposed DIQKD protocol thus represents a highly promising path towards the irst
realisation of DIQKD in practice.
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Schwonnek, R., et al. (2021). Device-independent quantum key distribution with random key basis. Nat. Commun. 12, 2880 (8 pp.). https://
doi.org/10.1038/s41467-021-23147-3

Zhang et al. (2021)
https://arxiv.org/abs/2110.00575

Experimental device-independent quantum key distribution between distant users
Wei Zhang, Tim van Leent, Kai Redeker, Robert Garthoff, Rene Schwonnek, Florian Fertig, Sebastian Eppelt, Valerio Scarani, Charles C.-W.
Lim, Harald Weinfurter
Device-independent quantum key distribution (DIQKD) is the art of using untrusted devices to establish secret keys over an untrusted
channel. So far, the real-world implementation of DIQKD remains a major challenge, as it requires the demonstration of a loophole-free Bell
test across two remote locations with very high quality entanglement to ensure secure key exchange. Here, we demonstrate for the irst time
the distribution of a secure key -- based on asymptotic security estimates -- in a fully device-independent way between two users separated
by 400 metres. The experiment is based on heralded entanglement between two independently trapped single Rubidium 87 atoms. The
implementation of a robust DIQKD protocol indicates an expected secret key rate of r=0.07 per entanglement generation event and r>0
with a probability error of 3%. Furthermore, we analyse the experiment's capability to distribute a secret key with inite-size security against
collective attacks.
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BS = Beam Splitter; BSM = Bell-state measurement; SM = single mode; NA = numerical aperture; TTL = transistor-transistor logic

Nadlinger et al. (2021)
https://arxiv.org/abs/2109.14600
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Device-Independent Quantum Key Distribution
D. P. Nadlinger, P. Drmota, B. C. Nichol, G. Araneda, D. Main, R. Srinivas, D. M. Lucas, C. J. Ballance, K. Ivanov, E. Y-Z. Tan, P. Sekatski, R. L.
Urbanke, R. Renner, N. Sangouard, J-D. Banca
Cryptographic key exchange protocols traditionally rely on computational conjectures such as the hardness of prime factorisation to
provide security against eavesdropping attacks. Remarkably, quantum key distribution protocols like the one proposed by Bennett and
Brassard provide information-theoretic security against such attacks, a much stronger form of security unreachable by classical means.
However, quantum protocols realised so far are subject to a new class of attacks exploiting implementation defects in the physical devices
involved, as demonstrated in numerous ingenious experiments. Following the pioneering work of Ekert proposing the use of entanglement
to bound an adversary's information from Bell's theorem, we present here the experimental realisation of a complete quantum key
distribution protocol immune to these vulnerabilities. We achieve this by combining theoretical developments on inite-statistics analysis,
error correction, and privacy ampli ication, with an event-ready scheme enabling the rapid generation of high- idelity entanglement
between two trapped-ion qubits connected by an optical ibre link. The secrecy of our key is guaranteed device-independently: it is based
on the validity of quantum theory, and certi ied by measurement statistics observed during the experiment. Our result shows that provably
secure cryptography with real-world devices is possible, and paves the way for further quantum information applications based on the
device-independence principle.

Máté Farkas, Maria Balanzó-Juandó, Karol Łukanowski, Jan Kołodyński, and Antonio Acín
Phys. Rev. Lett. 127, 050503 – Published 29 July 2021
See synopsis: Testing the Security of Quantum Key Distribution
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Device-independent quantum key distribution is a secure quantum cryptographic paradigm that allows two honest users to
establish a secret key, while putting minimal trust in their devices. Most of the existing protocols have the following structure:
rst, a bipartite nonlocal quantum state is distributed between the honest users, who perform local projective measurements
to establish nonlocal correlations. Then, they announce the implemented measurements and extract a secure key by
postprocessing their measurement outcomes. We show that no protocol of this form allows for establishing a secret key when
implemented on any correlation obtained by measuring local projective measurements on certain entangled nonlocal states,
namely, on a range of entangled two-qubit Werner states. To prove this result, we introduce a technique for upper bounding
the asymptotic key rate of device-independent quantum key distribution protocols, based on a simple eavesdropping attack.
Our results imply that either di erent reconciliation techniques are needed for device-independent quantum key distribution in
the large-noise regime, or Bell nonlocality is not su cient for this task.
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Bell Nonlocality Is Not Su cient for the Security of Standard Device-Independent
Quantum Key Distribution Protocols

Steve Gull’s challenge
An impossible Monte C rlo simul tion project
in distributed computing
Gull: Bell’s theorem is theorem in theoretic l computer science
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Motiv tion (for me, RDG):
Bell-deni lists often publish computer simul tions of their “loc l hidden v ri ble model”.
The simul tions lw ys work wonderfully, of course.
Hence: they must be bre king the rules.

CLEARING UP MYSTERIES – THE ORIGINAL GOAL
E. T. Jaynes
Abstract : We show how the character of a scienti ic theory depends on one's
attitude toward probability. Many circumstances seem mysterious or
paradoxical to one who thinks that probabilities are real physical properties
existing in Nature. But when we adopt the “Bayesian Inference” viewpoint of
Harold Jeffreys, paradoxes often become simple platitudes and we have a more
powerful tool for useful calculations. This is illustrated by three examples from
widely different ields: diffusion in kinetic theory, the Einstein–Podolsky–
Rosen (EPR) paradox in quantum theory, and the second law of
thermodynamics in biology.
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Opening lecture at MAXENT 8 (1998)

Cambridge, ca. 1984
Gull’s overhead sheets
for a master level
math physics course

Better to talk of spin
than polarization

“
Presented (1998) at
MaxEnt 8 in discussion
by Gull of talk by
E T Jaynes
on Bell’s theorem
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Jaynes had explained
that Bell was mixed up
Jaynes was flummoxed
by Gull’s proof
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(MP2 =
previous year’s
math phys)

Impossible?
• Every year there are several new papers disproving Bell’s
theorem

• … published in top journals, and authored by well known and
well quali ied scientists

• Some even supply computer code
• Jaynes’ dismissive discussion of EPR, Bell, and all that,

f

continues to be quoted and to inspire professionals and
amateurs alike

No communication at all, during the run!

Computer 1 runs dialogue;

inputs are angles θ1n, n = 1,2,…
n <- 1
Begin Loop
Print: “input angle no.”, n
Wait for input
Compute output
Output: +1 or -1
n <- n +1
End Loop

Computer 2 runs dialogue;

inputs are angles θ2n, n = 1,2,…

.

n <- 1
Begin Loop
Print: “input angle no.”, n
Wait for input
Compute output
Output: +1 or -1
n <- n + 1
End Loop

No communication at all, during the run!

Task: whatever the input sequences, the average of product of outputs,
given both inputs, converges to −cos(θ1 − θ2);
the average of the outputs, given inputs, converges to zero.
Note: the computers may communicate in advance of the runs

But how could there be any correlation at all?
EASY! Both computers run the same RNG (same seed, same parameters)
or have the same hard disk full of previously collected random numbers
For instance, for trial “n” both computers use same uniform random angle ϕn ∈ [0, 2π)
Computer 1 outputs sign cos(ϕn − θ1n)

Computer 2 outputs −sign cos(ϕn − θ2n)

This generates the “triangle wave” 1 − 2 ((θ1 − θ2)/2π mod 1)− 12 )

(red)
1/ 2

It’s also possible to generate the correlation −0.7071... cos(θ1 − θ2)
But −cos(θ1 − θ2) is impossible (blue)
1
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Standard CHSH experiment
Alice chooses from {0, 12 π}

Bob from { 14 π, 34 π}

Differences (mod 2π):
1
4

−1
Angle between detectors (in degrees)

π, 2π− 14 π, 34 π, 14 π

Bell’s theorem
Bell (1964)

• There exists no probability space (Ω, ℙ) with r.v.’s Aθ, Bϕ taking values in
{−1, + 1}, θ, ϕ ∈ [0,2π), such that

∀θ, ϕ : (Aθ) = 0 = (Bϕ),

(Aθ Bϕ) = − cos(θ − ϕ)

• Thus: there do not exist functions A, B (taking values +/ − 1) and a
probability measure ℙ such that

∫

A(θ1, ω)B(θ2, ω)ℙ(dω) = − cos(θ1 − θ2)

• Bell’s favourite proof uses only two particular choices for each of θ, ϕ, and
𝔼

𝔼

𝔼

showed that approximate equality is not possible either

Notation: A(θ, ω) := Aθ(ω), B(ϕ, ω) := Bϕ(ω)

Gull’s proof
(I m ke extr

ssumptions; could still improve rigour(*))

• I will suppose that the two computers contain an i.i.d. sequence
of random elements ω1, ω2, … drawn from (Ω, ℙ)

• I will suppose that computers 1 and 2 contain modules which
implement the functions A( ⋅ , ⋅ ) and B( ⋅ , ⋅ ) de ined on

[0,2π) × Ω

• Step 1: imagine both parties always submit the same angles.

(One can rerun the programs from the same starting state as
often as we like, with runs as long as we like). The correlation
must always be −1. Therefore B ≡ − A
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(*) Get rid of measurability issues

Gull’s proof (continued)
• Step 2. Imagine party 1 submits a very long sequence of uniformly

distributed random angles θn, and party 2 submits the same sequence shifted
(mod 2π) by δ

• The pairs of outcomes are (A(θn, ωn),

− A(θn + δ, ωn)); (θn, ωn) are i.i.d.
pairs from the Uniform × ℙ distribution on [0,2π] × Ω

• Expand the bounded random function A(θ, ⋅ ) on the circle in its random
Fourier series

∑n

cn( ⋅ )exp(inθ), where the summation is over n ∈ ℤ and

the complex numbers cn are random (depend on ω)

￼

￼

• Because A is real, for n = − n′ we have cn = cn′

Gull’s proof (continued)
• Step 3, take expectation value of product of outcomes, i.e., average −A(θ, ω) A(θ + δ, ω)
over (θ, ω), substituting for A by Fourier series: ∑n cn(ω) exp(inθ) and

∑n′ cn′ (ω) exp(in′(θ + δ))

• This gives a double summation over n, n′, and integrals over θ, ω. The integration over θ of
exp(i(n + n′))θ) is zero unless n = − n′. We inish (see next slide for details) with a single
2
summation ∑n∈ℤ | cn | exp(inδ)

• But by assumption, the quantity whose expectation value we took (the empirical

correlation between the outcomes as a function of the difference between the setting
pairs) must converge to −cos(δ) = − 12 (exp(iδ) + exp(−iδ)). Therefore all cn are almost
surely zero, except when n = ± 1; thus A(θ, ω) = a(ω)cos(θ)
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• This is a contradiction since A only takes the values ± 1, and has mean value zero.
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The “target” theoretical correlation
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Conclusion
Gull’s mended proof works
Some improvement still desir ble

• In fact we don’t need it: there are proofs of stronger results with weaker assumptions, using 1969
CHSH inequality, strengthened by use of martingale theory to take care of time & memory.
[RDG 2003 – Delft quantum physicists David Elkouss & Stephanie Wehner 2016]

• Open problem: can we prove Gull’s theorem in Gull’s way, but without making the i.i.d.
assumption, and the memorylessness assumptions, which Gull seems to need?

• Could we even let Alice and Bob each submit a large number N of angles in one batch, and allow
those two computers to process all the angles arbitrarily?

• This question should be considered also for a more traditional approach via CHSH in which
Alice submits a fair Bernoulli sequence of angles taken from the pair {0, 12 π} and Bob
(independently) from { 34 π , 14 π}

• Idea: avoid measurability issues by just considering settings which are whole numbers of
degrees and use discrete Fourier transform

• Open problem: extend argument to show approximate reproduction of the negative cosine is
a

a

impossible?

How qu ntum mech nics gets round Gull’s experiment
In principle one can produce the negative cosine, or nearly produce it, by using
quantum internet to set up N entangled qubit pairs in the quantum memories
of two separated quantum computers. Unlike the experiment with separated
classical computers, one could not test by giving clones of the same computer
including its quantum memory different sets of inputs (no cloning theorem!).
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Zhang et al. (Munich; September 2021; Rubidium ions) got critical points on the
negative cosine curve with an amplitude of 95% (+/– 0.2%), Nadlinger et al.
(Oxford; October 2021; Strontium ions) got an amplitude of 91% (+/– 2%)

Two open problems
Improve the m th
Develop for use in re l experiments

• Can we improve the proof (more rigour, less assumptions) while
keeping the main Fourier series idea?

• Can we build from Gull’s theorem towards a “functional Bell

inequality” or “functional Bell test”: experimentally sampling from all
setting pairs, instead of only sampling from initely many settings on
each side?

• What probability distribution of setting pairs is optimal, when all
distributions are allowed (discrete and continuous)?

• See: D. Kaszlikowski, M. Żukowski (2000), “Bell theorem involving all
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possible local measurements.” Physical Review A 61.2 DOI: 10.1103/
physreva.61.022114

Supplementary material
More questions, connections

• Can we get uniform convergence in sup norm, a.s., of all sample correlations?
ρ N̂ (θ, ϕ) = N −1

N

∑
n=1

Aθ(ωn)Bϕ(ωn)

• New experiments to minimise statistical errors?
• Tests of circular symmetry?
• The grasshopper problem
D. Chistikov, O. Goulko, A. Kent, M. Paterson(2020)
Globe-hopping. Proc. R. Soc. A 476: 20200038.
http://dx.doi.org/10.1098/rspa.2020.0038

Supplementary material
Best proof of Gull’s st tement of Bell’s theorem

• The usual CHSH experiment has: two settings each for Alice and Bob;
repeatedly chosen anew by fair coin tosses

• Say “trial n results in success” if the outcomes are equal and the two
settings are not both “setting no. 2”, otherwise “fail”

• Let S be the total number of successes in N trials
• On distributed classical computers (allowed to communicate between
each two trials) S is stochastically less than or equal to Binom(N, 0.75)
distributed

• Quantum computers connected by quantum internet could achieve
a

Binom(N, 0.85)

spinning coloured disk model; spinning coloured ball model; simulation models; B

Supplementary material
1. The Problem,Ains a mple
Pictureof loc l hidden v ri ble models

Just about every introduction to Bell’s (1964) theorem [1], stating the incompatib
mechanics with classical physics, contains the picture shown in Figure 1.
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The Triangle Wave Versus the Cosine: How Classical
Systems Can Optimally Approximate
EPR-B Correlations
Richard David Gill
Mathematical Institute, Leiden University, Niels Bohrweg 1, 2333 CA Leiden, The Netherlands;
gill@math.leidenuniv.nl
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Entropy
2020, 22, 287; doi:10.3390/e22030287
Abstract: The famous singlet correlations of a composite quantum system consisting of two two-level

components in the singlet state exhibit notable features of two kinds. One kind are striking certainty
relations: perfect anti-correlation, and perfect correlation, under certain joint settings. The other kind
are a number of symmetries, namely invariance under a common rotation of the settings, invariance
under exchange of components, and invariance under exchange of both measurement outcomes.
One might like to restrict attention to rotations in the plane since those are the ones most commonly
investigated experimentally. One can then also further distinguish between the case of discrete
rotations (e.g., only settings which are a whole number of degrees are allowed) and continuous
rotations. We study the class of classical correlation functions, i.e., generated by classical physical
systems, satisfying all these symmetries, in the continuous, planar, case. We call such correlation
functions classical EPR-B correlations. It turns out that if the certainty relations and rotational symmetry
holds at the level of the correlations, then rotational symmetry can be imposed “for free” on the
underlying classical physical model by adding an extra randomisation level. The other binary
symmetries are obtained “for free”. This leads to a simple heuristic description of all possible classical
EPR-B correlations in terms of a “spinning bi-coloured disk” model. We deliberately use the word
“heuristic” because technical mathematical problems remain wide open concerning the transition
a

a

a

a

A sample of classical correlation functions obtained from the coloured spinning disk model
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Supplement ry m teri l: QM c lcul tions for the EPR-B model

• Pauli spin matrices

0
σx =
(1

1
,
0)

0
σy =
( i

−i
,
0)

1
σz =
(0

0
−1)

• Notice: self-adjoint, square to Id (2 × 2 identity), anti-commute; eigenvalues ± 1

• Let σ ⃗ = (σx, σy, σz); for a ⃗ ∈ ℝ, ∥ a ∥⃗ 2 = 1 de ne σ a ⃗ = a ⃗ ⋅ σ ⃗
• self-adjoint, squares to ( identity), eigenvalues ± 1
2
|
|
Let
as the corresponding normalised eigenvectors of σz, etc.
z+⟩,
z−⟩
∈
ℂ
•
• State-vector of the singlet state
Ψ=

1

2

2
2
4
|
|
|
|
z+⟩
⊗
z−⟩
−
z−⟩
⊗
z+⟩
∈
ℂ
⊗
ℂ
=
ℂ
(
)

• Mean values of measurement outcomes of spin of either particle in any direction
⟨Ψ | σ a ⃗ ⊗ Id | Ψ⟩ = 0 = ⟨Ψ | Id ⊗ σ b ⃗ | Ψ⟩

• Correlations (expectation of product) are negative cosine
a

a

a

a

a
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⟨Ψ | σ a ⃗ ⊗ σ b ⃗ | Ψ⟩ = − cos( a ⃗ ⋅ b )⃗

Supplementary material
Three more references

• Grothendieck’s constant and local models for noisy entangled

quantum states, Antonio Acín, Nicolas Gisin, and Benjamin Toner,
Phys. Rev. A 73, 062105 https://journals.aps.org/pra/abstract/10.1103/
PhysRevA.73.062105

• Locality of quantum-related measurement statistics, Victor M. van
der Horst. Combined master thesis physics and mathematics,
Leiden, 2021. https://studenttheses.universiteitleiden.nl/handle/
1887/3196304

• https://doi.org/10.1162/99608f92.ea411412 R.D. Gill (2022). Quantum
Computation, Data Science, Bell Games. Harvard Data Science
Review, 4(1).
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